On the uniqueness of $L_p$-Minkowski problems: the constant
  $p$-curvature case in $\mathbb{R}^3$ by Huang, Yong et al.
ar
X
iv
:1
50
3.
02
35
8v
2 
 [m
ath
.A
P]
  2
0 A
ug
 20
15
ON THE UNIQUENESS OF Lp-MINKOWSKI PROBLEMS: THE
CONSTANT p-CURVATURE CASE IN R3
YONG HUANG, JIAKUN LIU, AND LU XU
Abstract. We study the C4 smooth convex bodies K ⊂ Rn+1 satisfying K(x) = u(x)1−p,
where x ∈ Sn, K is the Gauss curvature of ∂K, u is the support function of K, and p is
a constant. In the case of n = 2, either when p ∈ [−1, 0] or when p ∈ (0, 1) in addition
to a pinching condition, we show that K must be the unit ball. This partially answers a
conjecture of Lutwak, Yang, and Zhang about the uniqueness of the Lp-Minkowski problem
in R3. Moreover, we give an explicit pinching constant depending only on p when p ∈ (0, 1).
1. Introduction
The Lp-Minkowski problem introduced by Lutwak [30] is a generalisation of the classical
Minkowski problem and has been intensively studied in recent decades. In the meantime,
the classical Brunn-Minkowski theory has also been remarkably extended by Lutwak [30,31]
to the Brunn-Minkowski-Firey theory. Many interesting applications and inequalities have
been correspondingly established following this pioneering development in convex geometry,
see [5,10,34–36,46–48] for example. Among many excellent references, we refer the reader to
the newly expanded book [40] of Schneider for a comprehensive introduction on the related
topics. Yet there are still plenty of unsolved problems in this research area. In particular,
very little is known about the uniqueness of the Lp-Minkowski problem when p < 1. Even
in the case of n = 2, the uniqueness is a very difficult and challenging problem, and has not
been settled. The aim of this paper is to establish the uniqueness in R3 for a range of p less
than 1, which gives a partial answer to a conjecture of Lutwak, Yang, and Zhang about the
uniqueness of the Lp-Minkowski problem.
Given a Borel measure m on the unit sphere Sn, the Lp-Minkowski problem investigates
the existence of a unique convex body K in Rn+1 such that m is the Lp-surface area measure
of K, or equivalently
(1.1) dm = u1−pdµ,
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where µ is the ordinary surface area measure of K and u : Sn → R is the support func-
tion of K. Obviously, when p = 1, the Lp-Minkowski problem reduces to the classical
Minkowski problem. We remark that when p 6= 1, the Brunn-Minkowski-Firey theory is not
a translation-invariant theory, and all convex bodies to which this theory is applied must
have the origin in their interiors. Throughout this paper, we will always assume that the
origin is contained inside the interior of K, in other words, the support function u > 0 is
strictly positive on Sn. When f = dm/dx is a positive continuous function on Sn and the
boundary ∂K is in a smooth category, for example C4 smooth, (1.1) can be described by
the following Monge-Ampe`re type equation:
(1.2) det (uij + uδij) = fu
p−1 on Sn
where uij is the covariant derivative of u with respect to an orthonormal frame on S
n. The
case of p = 1 has been intensively studied and landmark contributions on regularity are due
to Lewy [28], Nirenberg [37], Calabi [9], Cheng-Yau [11], Pogorelov [39], and Caffarelli [8]
among many others, see [40] for more history. For p > 1, p 6= n+ 1, Lutwak [30] solved the
problem (1.1) when the given measure is even. Chou-Wang [12] solved (1.2) for a general
measure when p > 1. Different proofs were presented in Hug-Lutwak-Yang-Zhang [24] for
p > 1. C∞ solution was given by Lutwak-Oliker [32] for the even case for p > 1. For the
general case, C2,α solution was given by Chou-Wang [12] and Guan-Lin [20] independently
when p ≥ n+ 1. For 1 < p < n+ 1, the origin may be on the boundary of the convex body
of the solution for a measure with positive smooth density, and thus the C2,α regularity
is not desirable, see [12, 20, 24] for an example. However, for p > 1, it was shown in Hug-
Lutwak-Yang-Zhang [24] that the origin is always in the interior of the polytope of the
solution for the discrete case. The weak solution of (1.2) for −n − 1 < p < n + 1 was also
established and partial regularities were obtained in [12]. For p = 0, named the logarithmic
Minkowski problem (1.1), Bo¨ro¨czky-Lutwak-Yang-Zhang [5] obtained the existence of the
even logarithmic Minkowski problem provided that the given measure satisfied the subspace
concentration condition. In the discrete case, Zhu [46] dropped the evenness assumption.
Recently, Lu-Wang [29] established the existence of rotationally symmetric solutions of
(1.2) in the critical case p = −n− 1, see also [25,48]. By adding a gradient condition on f ,
Huang-Lu [23] obtained the C∞ regularity of the solution of (1.2) for 2 < p < n+ 1.
The focus of this paper is on the uniqueness of the Lp-Minkowski problem, namely the
uniqueness of solution of equations (1.1) and (1.2). Recall that the tool used to establish
uniqueness in the classical Minkowski problem is the Brunn-Minkowski inequality (among
several equivalent forms Gardner [18]): For any convex bodies K,L ⊂ Rn+1 and λ ∈ (0, 1),
(1.3) V ((1 − λ)K + λL) ≥ V (K)1−λV (L)λ,
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with equality if and only if K and L are translates, where V (·) is the volume and ‘+’ is
the Minkowski sum. The uniqueness of the Lp-Minkowski problem for p > 1 was obtained
in [30] by using the Brunn-Minkowski-Firey inequality: For any convex bodies K,L ⊂ Rn+1
containing the origin in their interiors and λ ∈ (0, 1),
(1.4) V ((1 − λ) ◦K+p λ ◦ L) ≥ V (K)
1−λV (L)λ,
with equality if and only if K = L, where ‘+p’ is the Firey Lp-sum and ‘◦’ is the Firey
scalar multiplication (see Section 2 for the definitions). However, the inequality (1.4) does
not hold when p < 1 as shown in Example 2.1. The lack of such an important ingredient
causes the uniqueness a very difficult and challenging problem for the case of p < 1.
Very recently, Jian-Lu-Wang [26] proved that for any −n− 1 < p < 0, there exists f > 0,
∈ C∞(Sn) such that the equation (1.2) admits two different solutions. Hence, to study the
uniqueness of the Lp-Minkowski problem for p < 1, one needs to impose more conditions
on the convex body K or on the function f . In the case of n = 1, for 0 ≤ p < 1, Bo¨ro¨czky-
Lutwak-Yang-Zhang [6] obtained the analogous inequalities to (1.4) for origin-symmetric
convex bodies, which further implies the uniqueness under these assumptions. When p = 0,
the uniqueness was due to Gage [17] within the class of origin-symmetric plane convex bodies
that are also smooth and have positive curvature; while when the plane convex bodies are
polytopes, the uniqueness was obtained by Stancu [42]. As mentioned in [6]: “For plane
convex bodies that are not origin-symmetric, the uniqueness problem (when 0 ≤ p < 1)
remains both open and important.”
On the other hand, one can ask for the uniqueness when f is a positive constant in (1.2).
Note that when p < 1, whether the solution convex body K is origin-symmetric appears to
be an open problem Lutwak [30], even for the special case of n = 2 and p = 0, which was
conjectured by Firey [14]. Concerning the uniqueness in the smooth category, but without
the origin-symmetric assumption, the following conjecture has been posed by Lutwak, Yang,
and Zhang.
A conjecture of Lutwak-Yang-Zhang: Let K be a C4 smooth convex body in Rn+1 con-
taining the origin in its interior. Let u be the support function of K, and K(x) be the
Gauss-Kronecker curvature at the point of ∂K with the unit outer normal x ∈ Sn. When
−n− 1 < p < 1, if the p-curvature function of K is a positive constant, i.e.
(1.5)
u(x)1−p
K(x)
= C ∀x ∈ Sn,
then K must be a ball. In other words, if u ∈ C4(Sn) is a positive solution of (1.2) with
f = C a positive constant, then u must be a constant on Sn. In that case, u = C1/(n+1−p)
and K is a ball of radius u, centred at the origin.
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The above index −n− 1 is critical in the sense that when p = −n− 1, the equation (1.2)
becomes invariant under all projective transformations on Sn, and when f is a positive
constant, it is well known that all ellipsoids centred at the origin with the constant affine
distance are solutions, see for example [27,38,43].
Without loss of generality, by a rescaling we may assume that the constant C = 1 in
equation (1.5). Under some appropriate conditions, in the following we shall prove that
u = 1 is the unique solution of the Monge-Ampe`re equation
(1.6) det (uij + uδij) = u
p−1 on S2,
which correspondingly answers the conjecture of Lutwak-Yang-Zhang in R3.
Theorem 1.1. The conjecture of Lutwak-Yang-Zhang holds true in R3 under either of the
following two conditions:
(i) −1 ≤ p ≤ 0;
(ii) 0 < p < 1 and the boundary ∂K satisfies a pinching relation that κ1 ≥ κ2 ≥ β(p)κ1,
where κ1, κ2 are two principal curvatures. In particular, the pinching constant is
explicitly given by
(1.7) β(p) = 2

1−
√
1−
√
1− q2√
1− q2

− 1, where q = 1− p.
As mentioned before, due to the lack of inequality (1.4) in the case of p < 1, one need
different tools and new ideas to study the uniqueness of the Lp-Minkowski problem. In
this paper, we shall work with the Monge-Ampe`re type equation (1.6) and use a maximum
principle argument to prove Theorem 1.1.
We remark that the Monge-Ampe`re type equation (1.6) is related to the homothetic
solutions of powered Gauss curvature flows
(1.8)
∂X
∂t
= −Kαν,
which has been studied by many people. In the case of n = 1, a complete classification for
the homothetic solutions of curve flows was given by Andrews [3]. In higher dimensions, the
classification for the homothetic solutions remains an open question [21]. One may consult
Andrews [1–3], Urbas [44,45], and the references therein for related works in this direction.
Our proof of Theorem 1.1 was in fact inspired by these works, and particularly the recent
paper of Andrews-Chen [4].
Theorem 1.1 (i) corresponds to the work of Andrews-Chen on the surface flows (1.8)
where n = 2 and α ∈ [1/2, 1]. However, their proof depends on previous known results at
the two end points α = 1/2 by Chow [13] and α = 1 by Andrews [1]. In this paper we give
a straightforward and self-contained proof to the uniqueness of (1.5) and (1.6).
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Theorem 1.1 (ii) corresponds to the work of Chow [13] that for α ≥ 1/n, there exist con-
stants 0 ≤ C(α) ≤ 1/n depending continuously on α with C(1/n) = 0 and limα→∞C(α) =
1/n such that if the initial hypersurface satisfies hij ≥ C(α)Hgij (where gij , hij ,H are the
1st, 2nd fundamental forms and the mean curvature respectively), then by a rescaling the
limit solution converges to a sphere. However, no explicit expression for such a pinching
constant was given by Chow. In this paper, we derive the constant (1.7) in the case of
n = 2, which matches Chow’s asymptotic conditions by observing that
α =
1
1− p
, C(α) =
β(p)
1 + β(p)
.
Moreover, when n = 2, our result implies that Chow’s pinching constant C(α) = 0 for all
α ∈ [1/2, 1] and limα→∞C(α) = 1/2.
The organisation of the paper is as follows. In Section 2, we recall some basic facts and
notions in convex geometry and differential geometry, which will be used in our subsequent
calculations. In Section 3, we give the proof of the main theorem, which is divided into three
cases p ∈ [−1, 0), p = 0, and p ∈ (0, 1). The first and last cases are proved via a unified
formula derived by a maximum principle argument, while the case p = 0 is due to the strong
maximum principle. Concerning the flow equation (1.8), Franzen [16] recently pointed out
that maximum-principle functions for any power α larger than one of the Gauss curvature
does not exist, which makes it reasonable to assume the pinching condition in Theorem
1.1 (ii) for 0 < p < 1. For the remaining case that −3 < p < −1, the current method
does not work due to a technical obstruction, and we decide to treat it in a separate paper.
The corresponding question in Gauss curvature flows (1.8) that whether a closed strictly
convex surface converges to a round point for powers 14 < α <
1
2 is still open. However, for
powers 0 < α < 14 the existence of non-spherical homothetic solutions of (1.8) have been
constructed by Andrews [2], which implies that there is no uniqueness for problems (1.5)
and (1.6) when p < −3. Last, p = −3 is the critical case that all ellipsoids centred at the
origin with constant affine distance are solutions of (1.5) and (1.6).
2. Preliminaries
2.1. Basics of convex geometry. We briefly recall some notations and basic facts in
convex geometry. For a comprehensive reference, the reader is referred to the book of
Schneider [40]. A convex body K in Rn+1 is a compact convex set that has a non-empty
interior. The support function uK : R
n+1 → R associated with the convex bodyK is defined,
for x ∈ Rn+1, by
(2.1) uK(x) = max{〈x, y〉 : y ∈ K},
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where 〈x, y〉 is the standard inner product of the vectors x, y ∈ Rn+1. One can see that the
support function is positively homogeneous of degree one and convex, thus it is completely
determined by its value on the unit sphere Sn.
It is well known that there is a one-to-one correspondence between the set of all convex
bodies, K, in Rn+1 and the set S whose members are the functions u ∈ C(Sn) such that u
is convex after being extended as a function of homogeneous degree one in Rn+1. If u ∈ S,
it can be shown that u is the support function of a unique convex body K given by
(2.2) K =
⋂
x∈Sn
{y ∈ Rn+1 : 〈x, y〉 ≤ u(x)}.
A basic concept in the classical Brunn-Minkowski theory is the Minkowski combination
λK + λ′L of two convex bodies K,L and two constants λ, λ′ > 0, given by an intersection
of half-spaces,
(2.3) λK+ λ′L =
⋂
x∈Sn
{y ∈ Rn+1 : 〈x, y〉 ≤ λuK(x) + λ
′uL(x)},
where uK, uL are the support functions of K,L respectively. The combination (2.3) was
generalised by Firey [15] to the Lp-combination for p ≥ 1,
(2.4) λ ◦K+p λ
′ ◦ L =
⋂
x∈Sn
{y ∈ Rn+1 : 〈x, y〉p ≤ λup
K
(x) + λ′up
L
(x)},
where ◦ is written for Firey scalar multiplication. From the homogeneity of (2.4), one can see
that the relationship between Firey and Minkowski scalar multiplications is λ ◦K = λ1/pK.
The Firey Lp-combination (2.4) leads to the Brunn-Minkowski-Firey theory as developed
later by Lutwak [30,31], which has found many applications, see for example, [33] and the
references therein.
Note that the Brunn-Minkowski-Firey theory is not a translation-invariant theory, and
applied to the set of convex bodies containing the origin in their interiors, K0, in R
n+1.
Correspondingly, we consider the set of support functions S0 = S ∩ {u > 0 on S
n}. Within
these sets we can further extend the Firey Lp-combination (2.4) to the case of p < 1 as
follows. Let a, b > 0 and 0 < λ < 1, define
(2.5) Mp(a, b, λ) =
{
[(1− λ)ap + λbp]1/p if p 6= 0,
a1−λbλ if p = 0.
We also define M−∞(a, b, λ) = min{a, b}, and M∞(a, b, λ) = max{a, b}. These quantities
and generalisations are called pth means or p-means [22]. The arithmetic and geometric
means correspond to p = 1 and p = 0, respectively. Moreover, if −∞ ≤ p < q ≤ ∞, then
(2.6) Mp(a, b, λ) ≤Mq(a, b, λ),
with equality if and only if a = b (as a, b > 0).
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Definition 2.1. Let K0 be the set of convex bodies in R
n+1 containing the origin in their
interiors. Let K,L ∈ K0 and uK, uL be the support functions, respectively. For any p ∈ R,
λ ∈ (0, 1), the generalised Firey Lp-combination (1− λ) ◦K+p λ ◦ L is defined by
(2.7) (1− λ) ◦K+p λ ◦ L =
⋂
x∈Sn
{y ∈ Rn+1 : 〈x, y〉 ≤Mp(uK(x), uL(x), λ)},
where Mp is the function in (2.5). As an intersection of half-spaces, the combination (2.7)
gives a convex body in Rn+1 for all p ∈ R.
By a rescaling, one can see that when p = 1, (2.7) is the Minkowski combination (2.3),
and when p > 1, it is the Firey Lp-combination in (2.4). Note that when p ≥ 1, the convex
body (1−λ) ◦K+p λ ◦L has exactly Mp(uK(x), uL(x), λ) as its support function. However,
when p < 1, the convex body (1 − λ) ◦ K +p λ ◦ L is the Wulff shape of the function
Mp(uK(x), uL(x), λ), which makes it very difficult to work with [6, 40]. In particular, the
following example (as mentioned in [6]) shows that the important Brunn-Minkowski-Firey
inequality (1.4), which was a crucial tool to establish the uniqueness for p ≥ 1, does not
hold when p < 1 in general.
Example 2.1. Let A := {x ∈ Rn+1 : |xi| ≤ a ∀i = 1, · · · , n + 1}, where a > 0 is a
constant. Let Aε := {x ∈ R
n+1 : |x1 − ε| ≤ a, |xj| ≤ a ∀j = 2, · · · , n + 1}, for a small
positive constant ε < a. Then A,Aε ∈ K0. Let λ ∈ (0, 1), from Definition 2.1
(1− λ) ◦ A+p λ ◦Aε = {−Mp(a, a− ε, λ) ≤ x1 ≤Mp(a, a+ ε, λ)} × {|xj | ≤ a, j > 1}.
It is easy to see that V ((1−λ) ◦A+p λ ◦Aε) = (2a)
n (Mp(a, a− ε, λ) +Mp(a, a+ ε, λ)) and
V (A) = V (Aε) = (2a)
n+1. For λ ∈ [0, 1], define
h(λ) :=Mp(a, a− ε, λ) +Mp(a, a+ ε, λ),
where Mp is in (2.5). Notice that h is a smooth function in λ and h(0) = h(1) = 2a for all
p ∈ R. By differentiation, for λ ∈ (0, 1), h′′(λ) ≤ 0 if p ≥ 1, while h′′(λ) > 0 if p < 1. So,
Mp(a, a− ε, λ) +Mp(a, a + ε, λ) ≥ 2a if p ≥ 1,
Mp(a, a− ε, λ) +Mp(a, a + ε, λ) < 2a if p < 1.
This implies that, for λ ∈ (0, 1),
V ((1− λ) ◦A+p λ ◦ Aε) ≥ V (A)
1−λV (Aε)
λ if p ≥ 1,
V ((1− λ) ◦A+p λ ◦ Aε) < V (A)
1−λV (Aε)
λ if p < 1.
Following Definition 2.1, the Lp-mixed volume Vp(K,L) is defined by
(2.8)
n+ 1
p
Vp(K,L) = lim
ε→0+
V (K +p ε ◦ L)− V (K)
ε
,
8 YONG HUANG, JIAKUN LIU, AND LU XU
where V (K) is the volume of K. It was shown in [30] that for any K ∈ K0, there exists a
Borel measure µp(K, ·) on S
n such that the Lp-mixed volume Vp has the following integral
representation:
(2.9) Vp(K,L) =
1
n+ 1
∫
Sn
up
L
dµp(K, ·)
for all L ∈ K0. The measure µp is called the Lp-surface area measure of K. When p = 1, it
reduces to the ordinary surface area measure µ for K. It turns out that µp is related to µ
by [30]:
(2.10)
dµp
dµ
= u1−p.
In the smooth category when ∂K ∈ C2, dµ = K−1dx, where K is the Gauss curvature
of ∂K and dx is the spherical measure on Sn. In view of this, the conjecture of Lutwak-
Yang-Zhang asking whether the ball is the unique convex body such that its Lp-surface area
measure dµp equals to the spherical measure dx on S
n is equivalent to
(2.11) K = u1−p on Sn.
Choosing an orthonormal frame on Sn, (2.11) can be written as
(2.12) det (uij + uδij) =
1
K
= up−1 on Sn.
Proposition 2.1. When p ≥ 1, the unit ball u ≡ 1 is the unique solution of (2.12), (up to
a translation if p = 1).
Proof. This can be proved by using the Brunn-Minkowski-Firey inequality (1.4) in convex
geometry, even in the non-smooth category [30]. Here we reminisce some analytical results.
When p > n + 1, consider the equation (2.12) at the maximum umax and the minimum
umin, one immediately has u ≡ 1. In fact, Simon [41] proved that if ∂K is smooth and
satisfies
(2.13) Sk(κ) = G(u),
for a C1 function G with G′ ≤ 0, where κ = (κ1, · · · , κn) are the principal curvatures of
∂K, Sk is the k
th elementary symmetric function on Rn, and u > 0 is the support function
of K, then K must be a ball. Therefore, the proposition follows as a special case of k = n,
G(u) = u1−p, which satisfies Simon’s assumption G′ ≤ 0 when p ≥ 1. 
2.2. Basics of differential geometry. We choose a local orthonormal frame {e1, ..., en+1}
at the position vector X ∈ ∂K such that e1, e2, · · · , en are tangential to ∂K and en+1 = ν
is the unit outer normal of ∂K at X. Covariant differentiation on ∂K in the direction ei is
denoted by ∇i. The metric and second fundamental form of ∂K is given by
gij = 〈ei, ej〉, hij = 〈Deiν, ej〉,
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where D denotes the usual connection of Rn+1. We list some well-known fundamental
formulas for the hypersurface ∂K ⊂ Rn+1, where repeated indices denote summation as the
common convention.
∇j∇iX = −hijν (Gauss formula)(2.14)
∇iν = hij∇jX (Weigarten equation)(2.15)
∇lhij = ∇jhil (Codazzi formula)(2.16)
Rijkl = hikhjl − hilhjk (Gauss equation),(2.17)
where Rijkl is the Riemannian curvature tensor. We also have
∇l∇khij = ∇k∇lhij + hmjRimlk + himRjmlk
= ∇j∇ihkl + (hmjhil − hmlhij)hmk + (hmjhkl − hmlhkj)hmi.
(2.18)
Let u = 〈X, ν〉 be the support function of K. Using the above formulas, we have some
identities to be used in the next section.
Lemma 2.1. For any i, j, l = 1, · · · , n,
∇iu = hil〈∇lX, X〉,(2.19)
∇j∇iu = 〈∇hij , X〉+ hij − uhilhjl,(2.20)
where ∇hij :=
∑
k(∇khij)∇kX.
Proof. Differentiating u = 〈X, ν〉 we have
∇iu = 〈X,∇iv〉+ 〈∇iX, v〉
= 〈X,hil∇lX〉 = hil〈∇lX,X〉.
From (2.14)–(2.16) and a further differentiation, we have
∇j∇iu = 〈∇iX,∇jv〉+ 〈X,∇i∇jv〉
= hil〈∇lX,∇jX〉+ 〈X, (∇jhik)∇kX〉+ 〈X,hil∇j∇lX〉
= hij + 〈∇hij ,X〉 − 〈X, v〉hilhjl,
and the proof is done. 
The principal curvatures λ1, λ2, · · · , λn of ∂K are defined by the eigenvalues of [hij ] with
respect to the first fundamental form [gij ]. The k-th elementary symmetric function of
λ1, λ2, · · · , λn,
Sk(λ1, λ2, · · · , λn) =
∑
1≤i1<···<ik≤n
λi1 · · ·λik ,
is called the k-th mean curvature of ∂K. In particular, when k = 1 the mean curvature is
H = λ1+λ2+ · · ·+λn, and when k = n the Gauss-Kronecker curvature is K = λ1λ2 · · ·λn.
If K = λ1λ2 · · ·λn 6= 0, the reciprocals
1
λ1
, 1λ2 , · · · ,
1
λn
are called the radii of principal
curvature. They are eigenvalues of [uij + uδij ] with respect to an orthonormal frame of S
n,
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where uij is the covariant derivative of u on S
n, and u is the support function. As mentioned
in (2.12), we have the Gauss-Kronecker curvature
(2.21) K =
1
det (uij + uδij)
.
Define the operator F (hij) := Sn(λ(hij)) = dethij . Equation (2.12) can be written as
(2.22) F (hij) = K = u
q, with q := 1− p.
Denote
F ij =
∂F
∂hij
, F ij,rs =
∂2F
∂hij∂hrs
.
Using the above formulas (2.16)–(2.18), we have
F ij∇m∇mhij = F
ij∇m∇ihmj
= F ij [∇i∇mhmj +Rmimlhlj +Rmijlhlm]
= F ij∇i∇jhmm + F
ijhlihljhmm − F
ijhij |A|
2,
(2.23)
where |A|2 :=
∑
m,l h
2
ml.
Lemma 2.2. When the dimension n = 2, we have the following:
F ij∇i∇jH = −F
ij,rs∇mhij∇mhrs + (1− q)KH
2 + (2q − 4)K2(2.24)
+quq−1〈∇H,X〉+ quq−1H + (1−
1
q
)
|∇K|2
K
,
F ij∇i∇jK = qu
q−1〈∇K,X〉 + 2quq−1K − qK2H(2.25)
+(1−
1
q
)
F ij∇iK∇jK
K
.
Proof. Differentiating equation (2.22) with respect to em twice yields
(2.26) F ij∇mhij = ∇mK = qu
q−1∇mu,
F ij∇m∇mhij + F
ij,rs∇mhij∇mhrs = ∆K
= quq−1∆u+ q(q − 1)uq−2|∇u|2.
(2.27)
Using (2.23) and (2.27), we can get
F ij∇i∇jH =− F
ij,rs∇mhij∇mhrs + F
ijhij |A|
2 − F ijhimhjmH
+ quq−1∆u+ q(q − 1)uq−2|∇u|2.
(2.28)
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In fact, without loss of generality we may assume that hij is diagonal at X. By (2.20) in
Lemma 2.1 and (2.26),
F ij∇i∇jH =− F
ij,rs∇mhij∇mhrs + F
ijhij |A|
2 − F ijhimhjmH
+ quq−1
[
〈∇H,X〉+H − u|A|2 + (q − 1)
|∇u|2
u
]
=− F ij,rs∇mhij∇mhrs + 2K(H
2 − 2K)−H2K
+ quq−1
[
〈∇H,X〉+H − u(H2 − 2K) + (q − 1)
|∇u|2
u
]
=− F ij,rs∇mhij∇mhrs + (1− q)KH
2 + (2q − 4)K2
+ quq−1〈∇H,X〉+ quq−1H + (1−
1
q
)
|∇K|2
K
,
(2.29)
where we have used the 2-homogeneity of F = K.
On the other hand, by equations (2.20), (2.22), and (2.26) one can obtain
F ij∇i∇jK = q(q − 1)u
q−2F ij∇iu∇ju+ qu
q−1F ij∇i∇ju
= quq−1
[
〈∇K,X〉 + 2K − uF ijhimhmj + (q − 1)
F ij∇iu∇ju
u
]
= quq−1〈∇K,X〉 + 2quq−1K − qK2H + (1−
1
q
)
F ij∇iK∇jK
K
.
(2.30)

3. Proof of Theorem 1.1
In this section, we prove Theorem 1.1 by using a maximum principle argument inspired
by Andrews and Chen’s work [4] on the powered Gauss curvature flow. We first derive
a unified stopover inequality (3.23), and then divide the proof of Theorem 1.1 into three
cases, in three subsections, respectively. Throughout this section, we assume the dimension
n = 2.
Define the auxiliary function
(3.1) Q = (λ1 − λ2)
2Kα = (H2 − 4K)Kα,
for a constant α to be determined, where λ1, λ2 are two principal curvatures of ∂K; H and
K are the mean and Gaussian curvatures, respectively. Assume that Q attains its positive
maximum value at Xˆ ∈ ∂K. By continuity, Q > 0 in a small neighbourhood of Xˆ. Choose
an orthonormal frame such that e1, e2 are tangential to ∂K and the matrix [hij ] is diagonal
at Xˆ . By differentiation, we have at Xˆ
(3.2) 0 = ∇i(logQ) =
2H∇iH − 4∇iK
H2 − 4K
+ α
∇iK
K
,
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and
0 ≥ F ij∇i∇j(logQ) =
F ij(2H∇i∇jH − 4∇i∇jK)
H2 − 4K
+ α
F ij∇i∇jK
K
+
2F ij∇iH∇jH
H2 − 4K
− (α2 + α)
F ij∇iK∇jK
K2
.
(3.3)
Our subsequent plan is to show, however, that F ij∇i∇j(logQ) > 0 by some deliberate
choice of α in (3.1). This contradiction will imply that
(3.4) (λ1 − λ2)
2Kα = 0 on ∂K,
namely λ1 ≡ λ2, and therefore, the convex body K must be a ball.
Combining (2.24) and (2.25) into (3.3), we have
0 ≥ (2− 2q − αq)KH + 2q(1 + α)uq−1 −
2H
H2 − 4K
F ij,rs∇mhij∇mhrs
+
2H
H2 − 4K
[
quq−1〈∇H,X〉+ (1−
1
q
)
|∇K|2
K
]
+
(
α
K
−
4
H2 − 4K
)[
quq−1〈∇K,X〉 + (1−
1
q
)
F ij∇iK∇jK
K
]
+
2F ij∇iH∇jH
H2 − 4K
− (α2 + α)
F ij∇iK∇jK
K2
.
(3.5)
From (3.2),
(3.6)
2H
H2 − 4K
〈∇H,X〉+
(
α
K
−
4
H2 − 4K
)
〈∇K,X〉 = 0.
Hence, we obtain
(3.7) 0 ≥ (2− 2q − αq)KH + 2q(1 + α)uq−1 + L,
where L are the remaining derivative terms given by
L :=−
2H
H2 − 4K
F ij,rs∇mhij∇mhrs +
2H
H2 − 4K
(1−
1
q
)
|∇K|2
K
+
(
α
K
−
4
H2 − 4K
)
(1−
1
q
)
F ij∇iK∇jK
K
+
2F ij∇iH∇jH
H2 − 4K
− (α2 + α)
F ij∇iK∇jK
K2
.
(3.8)
Now, let’s first estimate these derivative terms in L. Notice that the matrix [hij ] is
diagonal at Xˆ. As λ1 = h11, λ2 = h22, we have
∇iK = λ2∇ih11 + λ1∇ih22,(3.9)
F ij,rs∇mhij∇mhrs = 2(∇mh11∇mh22 − |∇mh12|
2).
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Combining (3.9) into (3.8),
L = −
4H
H2 − 4K
(∇mh11∇mh22 − |∇mh12|
2)
+
2H
H2 − 4K
(1−
1
q
)
(λ2∇1h11 + λ1∇1h22)
2 + (λ2∇2h11 + λ1∇2h22)
2
K
+
[(
α−
4K
H2 − 4K
)
(1−
1
q
)− (α2 + α)
]
λ2|∇1K|
2 + λ1|∇2K|
2
K2
+
2λ2|∇1H|
2 + 2λ1|∇2H|
2
H2 − 4K
.
(3.10)
We see from (3.2) and (3.8) that
[2(λ1 − λ2)K + αλ2(H
2 − 4K)]∇ih11 = [2(λ1 − λ2)K − αλ1(H
2 − 4K)]∇ih22.
Since λ1 6= λ2 at Xˆ, we have
[2K + αλ2(λ1 − λ2)]∇ih11 = [2K − αλ1(λ1 − λ2)]∇ih22.
Denote
(3.11) ∇ih11 = t∇ih22, where t :=
2K − αλ1(λ1 − λ2)
2K + αλ2(λ1 − λ2)
.
At this stage we assume that t 6= 0 is well defined, but postpone the verification of this
assumption in each subsequent proof.
From (2.16), (3.10), and (3.11), we then obtain
L = −
4H
H2 − 4K
[
(
1
t
−
1
t2
)|∇1h11|
2 + (t− t2)|∇2h22|
2
]
+
2H
H2 − 4K
(1−
1
q
)
(λ2 +
λ1
t )
2|∇1h11|
2 + (tλ2 + λ1)
2|∇2h22|
2
K
+
[
−
4K
H2 − 4K
(1−
1
q
)− α2 −
α
q
]
λ2(λ2 +
λ1
t )
2|∇1h11|
2 + λ1(λ2t+ λ1)
2|∇2h22|
2
K2
+
2[λ2(1 +
1
t )
2|∇1h11|
2 + λ1(t+ 1)
2|∇2h22|
2]
H2 − 4K
=: L1|∇1h11|
2 + L2|∇2h22|
2,
where the coefficients L1 and L2 are respectively,
L1 = −
4H
H2 − 4K
(
1
t
−
1
t2
) +
2H
H2 − 4K
(1−
1
q
)
(λ2 +
λ1
t )
2
K
+
[
−
4K
H2 − 4K
(1−
1
q
)− α2 −
α
q
]
λ2(λ2 +
λ1
t )
2
K2
+
2λ2(1 +
1
t )
2
H2 − 4K
(3.12)
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and
L2 = −
4H
H2 − 4K
(t− t2) +
2H
H2 − 4K
(1−
1
q
)
(tλ2 + λ1)
2
K
+
[
−
4K
H2 − 4K
(1−
1
q
)− α2 −
α
q
]
λ1(λ2t+ λ1)
2
K2
+
2λ1(t+ 1)
2
H2 − 4K
.
(3.13)
In order to estimate L1 and L2, we need some further simplifications. In fact, by the
definition of t in (3.11), we can eliminate t from L1 as follows.
1
t
−
1
t2
=
−α(λ1 − λ2)H[2K + αλ2(λ1 − λ2)]
[2K − αλ1(λ1 − λ2)]2
,(3.14)
(λ2 +
λ1
t
)2 =
4K2H2
[2K − αλ1(λ1 − λ2)]2
,(3.15)
(1 +
1
t
)2 =
[4K − α(λ1 − λ2)
2]2
[2K − αλ1(λ1 − λ2)]2
.(3.16)
Therefore,
L1 =
4H
H2 − 4K
α(λ1 − λ2)H[2K + αλ2(λ1 − λ2)]
[2K − αλ1(λ1 − λ2)]2
+
2H
H2 − 4K
(1−
1
q
)
4KH2
[2K − αλ1(λ1 − λ2)]2
+
[
−
4K
H2 − 4K
(1 −
1
q
)− α2 −
α
q
]
λ2
4H2
[2K − αλ1(λ1 − λ2)]2
+
2λ2
H2 − 4K
[4K − α(λ1 − λ2)
2]2
[2K − αλ1(λ1 − λ2)]2
,
(3.17)
and a further simplification gives
L1 =
2λ2
(H2−4K)[2K−αλ1(λ1−λ2)]2
{
4H3(1−
1
q
)λ1 − 8(1−
1
q
)KH2
+ 2αH2[2λ21 − 2K + αH
2 − 4αK]
−2(
α
q
+ α2)H2(H2 − 4K) + [4(1 + α)K − αH2]2
}
.
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Denote the combination in curly brackets by B1 :=
(H2−4K)[2K−αλ1(λ1−λ2)]2
2λ2
L1. For the
sake of the subsequent analysis, let us compute B1 in the following manner,
B1 = 2αH
2[2λ21 − 2K + αH
2 − 4αK] + 4H3(1−
1
q
)λ1 − 8(1−
1
q
)KH2
− 2(
α
q
+ α2)H2(H2 − 4K) + [4(1 + α)K − αH2]2
=16(1 + α)2K2 +H2
{
4αλ21 − 4αK + 2α
2H2 − 8α2K + 4(1−
1
q
)Hλ1
−8(1−
1
q
)K − 2(
α
q
+ α2)H2 + 8(
α
q
+ α2)K − 8α(1 + α)K + α2H2
}
=16(1 + α)2K2 +H2
{
4αλ21 + 2α
2H2 + 4(1−
1
q
)λ21 − 2(
α
q
+ α2)H2 + α2H2
+ K
[
−8(1−
1
q
)− 8α2 − 4α+ 4(1−
1
q
) + 8(
α
q
+ α2)− 8α(1 + α)
]}
,
and thus
B1 = 16(1 + α)
2K2 +H2
{[
4(1 + α−
1
q
) + α(α−
2
q
)
]
λ21 + α(α −
2
q
)λ22 + 2(α
2 −
2α
q
)K
+ K
[
−4(1 −
1
q
)− 8α2 − 12α+
8α
q
]}
.
= 16(1 + α)2K2 +H2
[
α(α−
2
q
)H2 + 4(1 + α−
1
q
)λ21 − 4(1 + 2α)(1 + α−
1
q
)K
]
.
(3.18)
Regarding (3.13), we can simplify L2 similarly as above. From (3.11), analogous to
(3.14)–(3.16) we have
t− t2 =
α(λ1 − λ2)H[2K − αλ1(λ1 − λ2)]
[2K + αλ2(λ1 − λ2)]2
,(3.19)
(λ2t+ λ1)
2 =
4K2H2
[2K + αλ2(λ1 − λ2)]2
,(3.20)
(1 + t)2 =
[4K − α(λ1 − λ2)
2]2
[2K + αλ2(λ1 − λ2)]2
.(3.21)
Noting the symmetry of λ1 and λ2 in the simplification, we then obtain
L2 =:
2λ1
(H2 − 4K)[2K + αλ2(λ1 − λ2)]2
B2,
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where
B2 = 16(1 + α)
2K2 +H2
{
α(α−
2
q
)λ21 +
[
4(1 + α−
1
q
) + α(α −
2
q
)
]
λ22 + 2(α
2 −
2α
q
)K
+ K
[
−4(1 −
1
q
)− 8α2 − 12α+
8α
q
]}
= 16(1 + α)2K2 +H2
[
α(α−
2
q
)H2 + 4(1 + α−
1
q
)λ22 − 4(1 + 2α)(1 + α−
1
q
)K
]
.
(3.22)
A stopover: Finally, returning to (3.7) and (3.8) we have the inequality
0 ≥ (2− 2q − αq)KH + 2q(1 + α)uq−1
+
2λ2|∇1h11|
2
(H2 − 4K)[2K − αλ1(λ1 − λ2)]2
B1 +
2λ1|∇2h22|
2
(H2 − 4K)[2K + αλ2(λ1 − λ2)]2
B2,
(3.23)
where B1, B2 are in (3.18) and (3.22), respectively.
In the following proofs, by some deliberate choice of α we will show that the right hand
side of inequality (3.23) is positive and thus obtain (3.4) by contradiction.
3.1. Case I, p ∈ (−1, 0]. Equivalently, one has 1 ≤ q = 1− p < 2. Choosing
(3.24) α =
2
q
− 2,
we have −1 < α ≤ 0 and
2− 2q − αq = 0,(3.25)
2q(1 + α) = 2(2− q) > 0.(3.26)
Note that in (3.11), t =
(2+α)K−αλ2
1
(2+α)K−αλ2
2
. When −2 ≤ α ≤ 0, (2 + α)K − αλ2i > 0 for i = 1, 2,
so that t > 0 is well defined.
Then computing the curly brackets in B1, (3.18), we have the coefficient of λ
2
1 is
4(1 + α−
1
q
) + α(α−
2
q
) = −
α+ 2
q
(2− 2q − αq) = 0,
the coefficient of λ22 is
α(α −
2
q
) = −2α ≥ 0,
and the coefficient of K is
(3.27) 2(α2 −
2α
q
)− 4(1−
1
q
)− 8α2 − 12α +
8α
q
= −2α(2α + 3) ≥ 0,
provided that α ∈ [−32 , 0]. Therefore, B1 ≥ 0, and similarly B2 ≥ 0. Hence, by (3.23) and
(3.26) we obtain the contradiction
(3.28) 0 ≥ 2q(1 + α)uq−1 = 2(2 − q)uq−1 > 0,
which implies (3.4) and the convex body K must be a ball. 
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3.2. Case II, p = −1. Define G = Hu − 2. By differentiation we have
∇iG =
∇iH
u
−
H∇iu
u2
,(3.29)
∇ijG =
∇ijH
u
−
∇iH∇ju
u2
−
∇jH∇iu
u2
−
H∇iju
u2
+
2H∇iu∇ju
u3
.(3.30)
So,
F ij∇ijG =
F ij∇ijH
u
−
2F ij∇iH∇ju
u2
−
HF ij∇iju
u2
+
2HF ij∇iu∇ju
u3
=
F ij∇ijH
u
−
HF ij∇iju
u2
−
2F ij∇ju
u
(
∇iH
u
−
H∇iu
u2
)
=: R+
2F ij∇ju
u
∇iG,
(3.31)
where R =
F ij∇ijH
u −
HF ij∇iju
u2
.
Now we compute R. From Lemmas 2.1 and 2.2, as q = 2 we have
F ij∇ijH = −F
ij,rs∇mhij∇mhrs −KH
2 + 2u〈∇H,X〉 + 2uH +
|∇K|2
2K
,(3.32)
F ij∇iju = 2u〈∇u,X〉 + 2K − uKH.(3.33)
Hence,
R = −
1
u
F ij,rs∇mhij∇mhrs −
KH2
u
+ 2〈∇H,X〉 − 2
H
u
〈∇u,X〉
+ 2H +
1
2u
|∇K|2
K
−
2HK
u2
+
KH2
u
= −
1
u
F ij,rs∇mhij∇mhrs +
1
2u
|∇K|2
K
+ 2u〈∇G,X〉.
(3.34)
Therefore, G satisfies a uniformly elliptic equation
F ij∇ijG−
2F ij∇ju
u
∇iG− 2u〈∇G,X〉 = −
1
u
F ij,rs∇mhij∇mhrs +
1
2u
|∇K|2
K
=:
1
u
S.
(3.35)
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From (3.9) we have
S =
|∇K|2
2K
− F ij,rs∇mhij∇mhrs
=
λ22|∇1h11|
2 + λ21|∇1h22|
2
2K
+
λ22|∇2h11|
2 + λ21|∇2h22|
2
2K
+∇1h11∇1h22 +∇2h11∇2h22 − 2(∇1h11∇1h22 +∇2h11∇2h22)
+ 2|∇mh12|
2
≥ ∇1h11∇1h22 +∇2h11∇2h22
+∇1h11∇1h22 +∇2h11∇2h22 − 2(∇1h11∇1h22 +∇2h11∇2h22)
+ 2|∇mh12|
2
= 2|∇mh12|
2 ≥ 0.
(3.36)
So we know G satisfies
(3.37) F ij∇ijG−
2F ij∇ju
u
∇iG− 2u〈∇G,X〉 ≥ 0.
By the strong maximum principle [19], G is a constant on ∂K. This implies that
Q = (H2 − 4K)K−1
is constant. Hence, from (3.23), (3.27), and computations in the previous case,
0 ≡ F ij∇i∇j(logQ) = B˜1|∇1h11|
2 + B˜2|∇2h22|
2,
and the coefficients B˜1, B˜2 > 0. So, ∇1h11 = ∇2h22 = 0, and thus by (3.11), ∇hij ≡ 0.
Therefore, K is constant and K must be a ball. 
In fact, using the above methods in Subsections 3.1 and 3.2, we can also obtain the
following stability result.
Corollary 3.1. For p ∈ [−1, 0], if
u(ν)1−p
K(ν)
= f > 0,
then the C4 smooth convex body K is almost a ball in the sense of
(λ1 − λ2)
2 ≤ C(|∇f |, |∇2f |),
where λ1, λ2 are principal curvatures of ∂K. The constant C(|∇f |, |∇
2f |) = 0 provided that
f is a positive constant.
3.3. Case III, p ∈ (0, 1). In this case, one has 0 < q = 1− p < 1. Choosing
(3.38) α =
1
q
− 1,
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we have α > 0 and
2− 2q − αq = 1− q > 0,(3.39)
2q(1 + α) = 2.(3.40)
By direct computing, we have B1, B2 in (3.23) equal to
B1 = B2 =
16
q2
K2 + (1−
1
q2
)H4.
Without loss of generality, we assume that
(3.41) λ1 > λ2 = βλ1 for some β ∈ (0, 1).
Then H = (1 + β)λ1, K = βλ
2
1, and
B1 = B2 =
[
16β2 + (q2 − 1)(1 + β)4
] λ41
q2
=: h(β)
λ41
q2
.
Let τ =
√
1− q2, then h(β) = 16β2 − τ2(1 + β)4. Straightforward computations yield that
h(β) ≥ 0, if β ≥ β(q), where the pinching constant β(q) is given by
(3.42) β(q) = 2

1−
√
1−
√
1− q2√
1− q2

− 1.
Now, let’s verify that t in (3.11) is well defined, as well the denominators in (3.23) are
nonzero. Since α > 0 and λ1 > λ2, it suffices to show (2 + α)K > αλ
2
1. From (3.38) and
(3.41), this is consistent only if
(3.43) β > βt(q) :=
1− q
1 + q
.
By direct computation, one can see β(q) > βt(q) when q ∈ (0, 1). Hence, t > 0 is well
defined when β ≥ β(q).
Therefore, when β ≥ β(q), from (3.23) we have the contradiction
(3.44) 0 ≥ (1− q)KH + 2uq−1 > 0,
which then implies (3.4) and the convex body K must be a ball. 
Acknowledgments
We would like to thank Ben Andrews for discussions on the corresponding problem of
powered Gauss curvature flows.
20 YONG HUANG, JIAKUN LIU, AND LU XU
References
1. B. Andrews, Gauss curvature flows: the fate of the rolling stones, Invent. Math. 138 (1999), 151–161.
2. B. Andrews, Motion of hypersurfaces by Gauss curvature, Pacific J. Math. 195 (2000), 1–34.
3. B. Andrews, Classification of limiting shapes for isotropic curve flows, J. Amer. Math. Soc. 16 (2003),
no. 2, 443–459
4. B. Andrews and X. Chen, Surfaces moving by powers of Gauss curvature, Pure Appl. Math. Q. 8 (2012),
no. 4, 825–834.
5. K. J. Bo¨ro¨czky, E. Lutwak, D. Yang and G. Zhang, The logarithmic Minkowski problem, J. Amer. Math.
Soc. 26 (2013), no. 3, 831–852.
6. K. J. Bo¨ro¨czky, E. Lutwak, D. Yang and G. Zhang, The log-Brunn-Minkowski inequality, Adv. Math.
231 (2012), no. 3-4, 1974–1997.
7. K. J. Bo¨ro¨czky, P. Hegedus, G. Zhu, On the discrete logarithmic Minkowski problem, Int. Math. Res.
Not. In press.
8. L. A. Caffarelli, Interior W 2,p-estimates for solutions of the Monge-Ampe`re equation, Ann. of Math. (2)
131 (1990), 135–150.
9. E. Calabi, Improper affine hyperspheres of convex type and a generalization of a theorem by K. Jorgens,
Michigan Math. J. 5 (1958), 105–126.
10. A. Cianchi, E. Lutwak, D. Yang and G. Zhang, Affine Moser-Trudinger and Morrey-Sobolev inequalities,
Calc. Var. PDEs 36 (2009), 419–436.
11. S. Y. Cheng and S. T. Yau, On the regularity of the solution of the n-dimensional Minkowski problem,
Comm. Pure Appl. Math. 29 (1976), no. 5, 495–516.
12. K.-S. Chou and X.-J. Wang, The Lp-Minkowski problem and the Minkowski problem in centroaffine
geometry, Adv. Math. 205 (2006), no. 1, 33–83.
13. B. Chow, Deforming convex hypersurfaces by the nth root of the Gaussian curvature, J. Differential
Geometry 22 (1985), 117–138.
14. W. J. Firey, Shapes of worn stones, Mathematika 21 (1974), 1–11.
15. W. J. Firey, p-means of convex bodies. Math. Scand. 10 (1962), 17–27.
16. M. Franzen, On maximum-principle functions for flows by powers of the Gauss curvature,
arXiv:1312.5107 2013.
17. M. E. Gage, Evolving plane curves by curvature in relative geometries, Duke Math. J. 72 (1993), no. 2,
441–466.
18. R. J. Gardner, The Brunn-Minkowski inequality, Bulletin of A.M.S. 39 (2002), 355–405.
19. D. Gilbarg, D. and N. S. Trudinger, Elliptic partial differential equations of second order. Springer-Verlag,
Berlin, 1983.
20. P. Guan and C. Lin, On Equation det(uij + δiju) = u
pf On Sn, manuscript 1999.
21. P. Guan and L. Ni, Entropy and a convergence theorem for Gauss curvature flow in high dimension,
arXiv:1306.0625, 2013.
22. G. H. Hardy, J. E. Littlewood and G. Po´lga, Inequalities, Cambridge University Press, Cambridge, 1959.
23. Y. Huang and Q. Lu, On the regularity of the Lp Minkowski problem, Adv. in Appl. Math. 50 (2013),
no. 2, 268–280.
24. D. Hug, E. Lutwak, D. Yang and G. Zhang, On the Lp-Minkowski problem for polytopes, Discrete
Comput. Geom. 33 (2005), 699–715.
25. M. N. Ivaki, A flow approach to the L
−2 Minkowski problem, Adv. in Appl. Math. 50 (2013), no. 3,
445–464.
26. H.-Y. Jian, J. Lu and X.-J. Wang, Nonuniqueness of solutions to the Lp-Minkowski problem. In press.
27. K. Leichtweiss, On a problem of W. J. Firey in connection with the characterization of spheres. Festschrift
for Hans Vogler on the occasion of his 60th birthday. Math. Pannon. 6 (1995), no. 1, 67–75.
28. H. Lewy, On differential geometry in the large. I. Minkowski’s problem, Trans. Amer. Math. Soc. 43
(1938), 258–270.
29. J. Lu and X.-J. Wang, Rotationally symmetric solutions to the Lp-Minkowski problem, J. Differential
Equations 254 (2013), 983–1005.
30. E. Lutwak, The Brunn-Minkowski-Firey theory I: Mixed volumes and the Minkowski problem, J. Dif-
ferential Geom. 38 (1993), no. 1, 131–150.
31. E. Lutwak, The Brunn-Minkowski-Firey theory II: Affine and geominimal surface areas, Adv. Math. 118
(1996), 244–294.
ON THE UNIQUENESS OF Lp-MINKOWSKI PROBLEMS 21
32. E. Lutwak and V. Oliker, On the regularity of solutions to a generalization of the Minkowski problem,
J. Differential Geom. 41 (1995), no. 1, 227–246.
33. E. Lutwak, D. Yang and G. Zhang, Lp affine isoperimetric inequalities. J. Diff. Geom. 56 (2000), 111–132.
34. E. Lutwak, D. Yang and G. Zhang, Sharp affine Lp Sobolev inequalities. J. Diff. Geom. 62 (2002), 17–38.
35. E. Lutwak, D. Yang and G. Zhang, On the Lp-Minkowski problem. Trans. Amer. Math. Soc. 356 (2004),
4359–4370.
36. E. Lutwak, D. Yang and G. Zhang, Optimal Sobolev norms and the Lp Minkowski problem, IMRN.
2006, Art. ID 62987, 21pp.
37. L. Nirenberg, The Weyl and Minkowski problems in differential geometry in the large, Comm. Pure
Appl. Math. 6 (1953), 337–394.
38. C. M. Petty, Affine isoperimetric problems, in Discrete geometry and convexity (New York, 1982), 113–
127, Ann. New York Acad. Sci., 440 New York Acad. Sci., New York.
39. A. V. Pogorelov, The Minkowski multidimensional problem, V. H. Winston & Sons, Washington, DC,
1978.
40. R. Schneider, Convex bodies: the Brunn-Minkowski theory. Second expanded edition. Encyclopedia of
Mathematics and its Applications, 151, Cambridge Univ. Press, Cambridge, 2014.
41. U. Simon, Minkowskische Integralformeln und ihre Anwendungen in der Differentialgeometrie im
Grossen, Math. Ann. 173 (1967), 307–321.
42. A. Stancu, On the number of solutions to the discrete two-dimensional L0-Minkowski problem, Adv.
Math. 180 (2003), 290–323.
43. G. Tzitze´ica, Sur une nouvelle classe de surfaces, Rend. Circ. Mat. Palermo, 25 (1908), 180-187; 28
(1909), 210-216.
44. J. Urbas, Complete noncompact self-similar solutions of Gauss curvature flows. I. Positive powers, Math.
Ann. 311 (1998), 251–274.
45. J. Urbas, Complete noncompact self-similar solutions of Gauss curvature flows. II. Negative powers,
Adv. Differential Equations 4 (1999), 323–346.
46. G. Zhu, The logarithmic Minkowski problem for polytopes, Adv. Math. 262 (2014), 909–931.
47. G. Zhu, The Lp Minkowski problem for polytopes for 0 < p < 1, J. Funct. Anal. 269 (2015), 1070-1094.
48. G. Zhu, The centro-affine Minkowski problem for polytopes, J. Differ. Geom. 101 (2015), 159–174.
Institute of Mathematics, Hunan University, Changsha, 410082, China.
E-mail address: huangyong@hnu.edu.cn
Institute for Mathematics and its Applications, School of Mathematics and Applied Sta-
tistics, University of Wollongong, Wollongong, NSW 2522, AUSTRALIA.
E-mail address: jiakunl@uow.edu.au
Institute of Mathematics, Hunan University, Changsha, 410082, China.
E-mail address: xulu@hnu.edu.cn
